Let f be a cuspform of integral half-weight k + 1/2, whose Fourier coefficients a(n) not necessarily real. We verify partially an extension of a conjecture of Bruinier and Kohnen on the equi-distribution of the signs of a(n) (when are real), conjectured by the first author in [1] for the sequence {a(tp 2ν )} p,prime , where ν an odd positive integer and t a square-free integer.
Introduction and statement of result
Throughout the paper we denote by P the set of all prime numbers. Let S ⊂ P, we denote by δ(S) the natural density of S. We shall denote by π(x) the prime-counting function. Let k, N be natural numbers assume that N be an odd and square-free integer, fix a Dirichlet character χ modulo 4N . We shall denote by S k+1/2 (4N, χ) the space of cusp forms of weight k + 1/2 for the congruence subgroup Γ 0 (4N ) with character χ. When k = 1, we shall work only with the orthogonal complement with respect to the Petersson scalar product of the subspace of S 3/2 (4N, χ) generated by the unary theta functions. Let f ∈ S k+1/2 (4N, χ), be a cusp form which lies in the Kohnen's plus space, and let the Fourier expansion of f at ∞ be f(z) = n≥1 a(n)q n with q := e 2πiz .
The question about sign changes of a(n) (when are real) was first studied by Bruinier and Kohnen in [4] . After that, there has been more extensive study (cf [2, 1] ) which leads the first author [1] , to conjectured that
for each φ blowing to [0, π), which can be seen as an extension of an equi-distribution conjecture of Bruinier and Kohnen [4, 8] on the signs of a(n) (when are real). In this note we address the above conjecture, indeed we verify it for the sequence {a(tp 2ν )} p∈P , we first prove that is oscillatory in the sense of [10, 6] and that no matter how we slice the plane with a straight line going through the origin the proportion of prime from {tp 2ν } p,prime on which the a(tp 2ν ) are on the same half plan equal to the half of the proportion of prime from {tp 2ν } p,prime on which the a(tp 2ν ) are not on the line. More precisely we shall prove the following. 
Let ν be a positive odd integer, and t be a square free integer such that a(t) = 0. Let φ ∈ [0, π), define the set of primes.
and similarly P <0 (φ, ν), P =0 (φ, ν). Then the sequence {a(tp 2ν )} p,prime is oscillatory, moreover the sets P <0 (φ, ν) and P >0 (φ, ν) have natural density equal to the half of the natural density of P =0 (φ, ν).
The above theorem improve the result of the first author in [1, Theorem 4.1]. The proof which will be given in the next section rely on Sato-Tate conjecture [3, Theorem B].
Proof of the result
We start by recalling some basic properties of Shimura lift and introduce some notation. Let
be a non-zero cuspidal Hecke eigenform, and let t be a squarefree integer such that a(t) = 0. The Shimura correspondence [11, 12] lifts f to a Hecke eigenform f t of weight 2k for the group Γ 0 (2N ) with character χ 2 . Let
be its expansion at ∞. According to [11] , the n-th Fourier coefficient of f t is given by
. Since f is a Hecke eigenform, then so is the Shimura lift. Indeed we have f t = a(t)f where f is a normalized Hecke eigenform, write
for its Fourier expansion at ∞. We shall assume that a(t) = 1, in the general case we may apply the proof to f a(t) . Since 2N is square-free, it follows that f is a Hecke eigenform without complex multiplication.
Let ζ be a root of unity blowing to Im(χ), and let p be a prime number such that χ(p) = ζ, it is clear that
ζ is real. By Deligne's bound we have
≤ 2, thus we may write
for a uniquely defined angel θ p ∈ [0, π]. At this point we state the following theorem which will be crucial for our purpose. 
We shall need the following technical lemmas. Proof. To establish the above lemma, it suffices to see
Note that the number of sets in the union is #ker(χ) =
rχ , hence by Dirichlet's theorem on arithmetic progressions we have
Lemma 2.2. Assume the set-up above. Let ν an odd positive integer, and ζ be a root of unity such that ζ ∈ Im(χ). Define the set of primes
and similarly P ≥0 (ζ, ν), P <0 (ζ, ν) and P ≤0 (ζ, ν). Then the sets
have a natural density equal to 1 2rχ , where r χ denotes the order of the character χ.
Applying the Möbius inversion formula to (2.1), we derive that
The above equality specialises to
by taking n = p ν and normalizing by p ν(k−1/2) ζ ν . An elementary calculation yields to the following trigonometric identity 4) and in the limiting cases when θ p = 0 and θ p = π respectively we have λ(p ν ) = (ν + 1)ζ ν and λ(p ν ) = (−1) ν (ν + 1)ζ ν , which can happen for at most finitely many primes p only. Thus we may and do assume that θ p ∈ (0, π). Altogether from (2.3) and (2.4) we have
On the other hand
Thus (2.6) is equivalent to
Consequently we have
where, π ζ (x) := #{p ≤ x : χ(p) = ζ}. Now divide the above inequality by π ζ (x), we obtain
Since π ζ 1 ǫ 2 is finite the term
π ζ (x) tends to zero as x → ∞. By Theorem 1 we have
Hence a passage to the limit in (2.7) yields lim inf
Letting ǫ to zero in the above inequality we find
where
Now from [9] we know that µ
A similar reasoning yields lim inf
π ζ (x) exist and equal to Similar arguments apply to the other cases.
Now we proceed to prove our main theorem. Let ζ be a root of unity blowing to Im(χ). If p a prime number satisfying χ(p) = ζ, from Lemma 2.2 we know that
is real, thus we my write
(mod 2π), in this case the sequence {ℜe (a(tp 2ν )e −iφ )} p,χ(p)=ζ 2 is not trivial. Without restriction of generality we can assume ℜe (ζ ν e −iφ ) > 0. Thus for any fixed ǫ > 0 (but small) from (2.5) we have
and
From Theorem 1 we know that the sequence {θ p } p,χ(p)=ζ is equidistributed in [0, π] with respect to the Sato-Tate measure µ ST , it follows that there are infinitely many primes p satisfying χ(p) = ζ such that θ p ∈ I ′ ǫ and infinitely many primes p satisfying χ(p) = ζ such that θ p ∈ I ǫ , thus the sets in (2.9) and (2.10) are infinite. Hence for all root of unity ζ blowing to Im(χ) the sequence {a(tp 2ν )} p,χ(p)=ζ is oscillatory, then the sequence {a(tp 2ν )} p∈P so is. Now we proceed to calculate the natural density of the sets P >0 (φ, ν) and P <0 (φ, ν). From (2.8) one observes that Likewise we get δ (P <0 (φ, ν)) = δ(P =0 (φ,ν)) 2
, which concludes the proof.
